Three-body states are critical to the dynamics of many hadronic resonances. We show that lattice QCD calculations have reached a stage where these states can be accurately resolved. We perform a calculation over a wide range of parameters and find all states below inelastic threshold agree with predictions from a state-of-the-art phenomenological formalism. This also illustrates the reliability of the formalism used to connect lattice QCD results to infinite volume physics. Our calculation is performed using three positively charged pions, with different lattice geometries and quark masses.
INTRODUCTION
It is important to understand hadron interactions in terms of quark-gluon dynamics as they emerge from QCD. Three-hadron systems present the next hurdle in this quest, primarily for resonances with final state decays to three particles. One such example is the Roper resonance N (1440)1/2 + which couples strongly to ππN . The analysis of experimental data exposes the complex analytic structure of the resonance [1, 2] . Lattice studies to date have difficulty finding a finite volume state along the Roper mass trajectory [3] [4] [5] [6] . Note that none of these studies include three hadron interpolators, in contrast with this work. Jefferson Lab, ELSA, MAMI and other facilities have experimental programs dedicated to studying excited baryons [7] [8] [9] making the need for three body analyses critical. Another such example is the a 1 (1260) resonance, which decays to ρπ and σπ intermediate states before its final state of three pions. Moreover, exotic mesons with quantum numbers forbidden by quark models need to be understood. With ongoing experiments, e.g. GlueX at Jefferson Lab, searching for exotic states, there is a demand for theoretical determinations of the QCD spectrum below and in the region where such exotic states may lie.
Lattice QCD (LQCD) is used to determine hadron properties and interactions as they arise from the quarkgluon dynamics providing complementary information to experimental data (for example, in LQCD we can freely modify the quark masses and number of flavors). In this approach hadron interactions are probed through the spectrum of interacting (many) hadron states in finite volume. The finite-volume spectrum has to be connected to infinite-volume scattering information through the use of quantization conditions [10, 11] . This formalism has been used extensively in the two-hadron sector in the last decade, see for example Refs. , and Ref. [40] for a review. Lattice calculations in the three-hadron sector have focused on the lowest states [41] [42] [43] and only recently pioneering calculations of the higher levels have been reported [44, 45] . In parallel, a significant theoretical effort was dedicated to developing the formalism to connect the three-body finite volume data to infinite-volume amplitudes , see Ref. [81] for a review.
In this letter we show that LQCD results for three-pion energies agree very well with theoretical expectations, over a wide set of parameters. Using multiple volumes and quark masses we compute a large number of energy levels in the elastic three-pion scattering region. We compare them to predictions from chiral perturbation theory inspired models, connected to finite volume through relativistic three-body quantization conditions (R3Q) preserving unitarity [16, 46, 48, 53, 57] . We find excellent agreement indicating that both approaches have reached maturity. This paves the way to attack more challenging problems, such as coupled-channel extensions needed for the realistic description of Roper, a 1 (1260), exotics and other hadrons.
The results presented here are for three-pion states in maximal isospin (I = 3) in QCD with two massdegenerate quark flavors, for two different quark masses, corresponding to pion masses of 220 MeV and 315 MeV. For each quark mass the calculation is done using three different geometries, one cubic and two different elongations in a single spatial direction. We use elongations as a cost effective way to map out the elastic scattering region. The outline of the presentation is as follows. First we highlight some important details of the lattice calculation. Then the R3Q formalism is presented, including an extension required to accommodate elongated boxes. Finally, the results for the finite-volume spectrum, as determined from LQCD and R3Q predictions, are presented.
LATTICE METHODS
In infinite volume hadron interactions are encoded using scattering amplitudes that are decomposed into distinct partial-waves using rotational symmetry. LQCD can access scattering information only indirectly via the discrete spectrum of hadron states in finite-volume. Analogous to infinite-volume states having definite angular momentum, finite-volume states are labeled by irreducible representations (irreps) of the reduced rotational symmetry groups. Moreover, the reduced rotational symmetry mixes partial waves, complicating the mapping between finite and infinite volume.
To extract the finite volume spectrum of three pions we use cubic lattices as well as lattices with an elongation in one spatial direction. The momenta on a periodic lattice are quantized in units of 2π/L, where L is the length of the lattice. By increasing the length in a single direction we lower the momenta and thus the energy of multi-hadron states where the constituent hadrons have non-zero momenta. For example, in our largest elongation (E 3 ), in the A 1u irrep there are seven energy levels below the 5m π threshold whereas the cubic box has only two. The details of the ensembles are found in Table I .
For cubic lattices the infinite-volume angular momentum symmetry group SO(3) is reduced to O h . The elongation further reduces the symmetry group from O h to D 4h . For boosted systems, where the total momentum vector P is aligned along the elongation axis, the relevant symmetry group is the little group that leaves such momentum vectors invariant, C 4v . While other boosts are possible, they will not be considered in this study. The mapping between angular momentum and the irreps of these symmetry groups is described in Ref. [82] .
The finite-volume spectrum is determined by fitting the large time behaviour of temporal correlation functions between hadronic operators. These operators are constructed to increase the overlap with the states of interest. We use operators constructed from products of single pion interpolators of the form
where the u/d quark fields are vectors in position, spin, and color space, and the momentum matrix Γ(p) = e ip·x γ 5 is a matrix in just position and spin space. Threepion operators are projected onto an irrep Γ of a group G using
where χ Γ (g) is the character of the group element g in the irrep Γ , and R(g) is the rotation corresponding to g. Explicit projection coefficients for the operators used are listed in the supplementary material. Note that while a two pion state in maximal isospin is restricted to even total parity, the same is not true of a three pion state, and we will study irreps with both even and odd total parity. With a large basis of such interpolating operators, we perform a variational analysis on a matrix of correlation functions and extract the stationary state energies from a generalized eigenvalue problem (GEVP) [83] [84] [85] . Due to the high statistical precision with which we are able to estimate the temporal correlation functions, we must take extra care when fitting the GEVP eigenvalues. We account for contamination from excited states, and time dependent wraparound effects due to the finite temporal extent of the lattice. To extract energy levels we perform three exponential fits, discussed further in the supplementary material.
The first step in computing correlation functions is to perform the Wick contractions between creation and annihilation operators. The resulting correlation function requires the computation of expensive all-to-all quark propagators. To compute them we use Laplacian-Heaviside smearing [86] . This allows us to factorize the correlation functions in terms of products of the form Γ(p)M −1 (t, t f ), whereM −1 is a quark propagator. These quark lines can be precomputed for reuse in multiple elements of the correlation matrix. Further numerical speedup is obtained by using common subexpression elimination as in Ref. [44] .
THREE-BODY FINITE VOLUME UNITARITY
The minimal set of kinematic variables required to describe relativistic elastic three-to-three scattering spans an 8-dimensional space. A convenient parametrization in terms of a one-particle spectator and two-body subchannels, each represented by a tower of partial waves, was derived in Ref. [87] . The discretized version of this relativistic, unitary approach [57] is the basis of the finitevolume analysis presented in this section.
The details of this relativistic 3-body quantization condition and its implementation for systems with arbitrary boosts, and irreps can be found in Refs. [46, 53, 57, 88] . The condition for finding an interacting energy eigenvalue
where c Γ p are projection coefficients to an irrep Γ for the set of pion three-momenta p (the values of these coefficients are tabulated in the supplementary material.) The object in the square brackets is a matrix in the space of in/outgoing spectator momenta. Angled brackets denote symmetrization with respect to the three-set of in/outgoing three-momenta. B and τ describe the two-toone and two-pion (sub-channel) interactions, respectively, and [E Lη ] pq = δ pq 2L 3 η m 2 π + p 2 where η is the elongation, see Table I . The two-pion interaction is parametrized by a tower of functions τ in angular momentum coupled to the asymptotic states via a function v that is free of right-hand cuts. Due to the suppression of higher partial waves ( > 0) seen in both phenomenological and lattice studies [16, 44] we neglect them. Additionally, since τ is defined in the rest-frame, it explicitly depends on the total momentum of the three-body system P.
Besides external parameters L, η, and P, there are two places where parameters determining the dynamics enter the above quantization condition. First, the term B corresponds to one-pion exchange and the genuine three-body force C. Second, the two-pion interaction encoded in the diagonal matrix τ is chosen to agree with the modified inverse amplitude method [89, 90] , see also Refs. [46, 87, 88] for details on implementation. This method depends on four low-energy constants {l r 1 , l r 2 , l r 3 , l r 4 } for a fixed regularization scale µ = 770 MeV.
We use the quantization conditions for predictions of the finite-volume energy eigenvalues. Following the procedure from previous studies [46, 87, 88] , we fix C = 0. We do not fit the LECs here, but use the values determined elsewhere. To assess the uncertainties in our predictions we use two different LECs: {−6.032, +5.455, +0.816, +5.600} · 10 −3 from Ref. [91] and {+11.625, −0.695, +0.008, +52.411} · 10 −3 from a recent lattice-driven determination in Ref. [15] , denoted by GL and GW, respectively. The GW set provides the most consistent predictions, as it is determined from a fit to two-pion energy spectra on the same set of ensembles of Table I . The resulting predictions are collected in the supplementary material and shown in Fig. 1 .
RESULTS
The three-pion (I = 3) finite-volume spectra are shown in Fig. 1 , together with the non-interacting energy levels, and the predicted energy levels from R3Q. In total we extract 30 energy levels below 5m π across the six ensembles listed in Table I . Jackknife samples of all lattice energies are included with the arxiv submission. Precise values for lattice and R3Q levels are tabulated in the supplementary material.
As the elongation η is increased, naturally the spectrum becomes much denser. This is most striking when considering the A 1u irrep for the heavier quark mass. At η = 1 (i.e. the cubic volume E 1 ) we find two energies below threshold, in contrast to finding seven energies below the inelastic threshold at our largest elongation, η = 2 (E 3 ). In a similar vein, as we increase η we find energies appearing below the inelastic threshold in irreps where, at smaller elongations, no energy levels exist.
Comparing the lattice and predicted spectra in Fig. 1 , we find good agreement for both sets of LECs. Energies belonging to different irreps are dominated by different partial waves. For some levels one partial wave is dominant; as an example consider the levels between 4.4m π and 4.6m π in the first two columns of Fig. 1 . The lowest partial wave contribution to the A 1u level is from S-wave, while the E u level is dominated by D-wave contributions (no S-wave mixing). For other levels, the mixing of partial waves is important. The R3Q predictions reproduce this pattern in all irreps, even for the elongated lattices, where angular momentum mixing is more severe. Note that this mixing is not explicitly imposed in R3Q, showing that the S-matrix principle of unitarity combined with two-pion scattering data, post-dicts the same splitting of finite-volume levels.
We compare the predictions generated by GL or GW LECs by computing their corresponding correlated χ 2 /n where n is the number of data points. A χ 2 /n ≈ 1 would indicate that the LECs and three-body force used provide a good description of the data without fitting. When using the GW LECs [16] , and including all lattice energies below 5m π , the reduced χ 2 /n is 2.68. Excluding correlations reduces this value to 1.90. Using the GL LECs [91] , the reduced χ 2 /n is 4.86 and 2.23, with and without correlations, respectively. As expected, the GW LECs produce predictions in better agreement with the lattice data. Examining the χ 2 /n with GW LECs on the 315 MeV (E 1 ,E 2 ,E 3 ) and 220 MeV (E 4 , E 5 , E 6 ) ensembles independently gives 2.93 and 1.86, respectively. This is unsurprising as chiral perturbation theory is more reliable at lower pion masses. Since the LECs were not fitted to data, and the contact term is set to zero, there is a tension between predictions and lattice data. This gives us hope that a fit to this data will further constrain the LECs and extract the value of the three body force.
CONCLUSION
We compute the three pion (I = 3) finite volume spectrum at two different quark masses using LQCD. We make use of lattices elongated in a single spatial direction, and boosts along the same axis, to capture additional states below the inelastic threshold. In total 30 energy eigenvalues are extracted within the elastic scattering region, 23 of them at a pion mass of 315 MeV, the remaining seven at 220 MeV.
The lattice results agree with predictions of the finite volume spectrum from a state-of-the-art three body relativistic unitary finite-volume formalism, extended to accommodate elongations. The physical input to the for- Finite-volume centre-of-mass energies, in units of mπ, for three pions in maximal isospin at two different pion masses (separated by the gray column). For each pion mass there is one cubic box (E1,4) and two elongated boxes (E2,3,5,6). The separate columns distinguish different irreps of the rotational symmetry group containing energies below the inelastic threshold, 5mπ (solid black line). The parity of the irreps is specified by g (even) and u (odd). The data points are the LQCD energy levels with error bars inside of the circles. The red (left) and blue (right) solid lines in each column are the predictions from R3Q using GL or GW LECs, respectively. The dashed lines are the non-interacting energy levels plotted as a function of η. Boosted frames with non-zero total momentum are denoted by the superscript [001] indicating a single unit of momentum in the elongation (z) direction.
malism is a three-body contact term and the two-pion interaction. We set the former to zero, and parametrize the latter by the modified inverse amplitude method with two sets of LECs, one from a fit to experimental data and another one determined from lattice calculations of pionpion scattering on the same ensembles. Not surprisingly, the LECs determined from lattice calculations provide the better prediction. There is some tension between the lattice data and prediction, which may be due to the three-body term being set to zero. It is possible then that this data will allow us to constrain the three-body force.
Success here shows that both lattice and phenomenological efforts reached maturity and can be used to constrain three-body physics in QCD, for example the Roper and 
Temporal Wrap-Around Effects
Since we extract the finite-volume spectrum by examining the large time behaviour of temporal correlation functions, care must be taken when deducing appropriate fit forms. In particular, contributions due to the finite temporal extent of the lattice become significant when considering complicated multi-hadron interactions, coupled with the high statistical precision available in this study. As lattice QCD calculations are carried out in imaginary time with a finite temporal extent, it is useful to examine three-pion correlation functions in the following form
where O 3π is some three-pion interpolating operator, as described in the main text. For large temporal extent T , contributions from |n = |0 (i.e. the state of interest) will dominate. Contributions from |n = |0 will appear solely due to the finite temporal extent and are often referred to as "thermal states".
The next most significant non-zero term appears when |n = |π , with the leading contribution containing terms proportional to e −Eπ(T −t) e −E2πt , which is time dependent. We must account for this time dependent "temporal wraparound" explicitly by fitting the correlation functions to three exponentials: one for the state of interest, one for residual early time excited state contamination present in the GEVP, and one to capture this leading wraparound term. An example of this fitting using the ansatz a 1 e −b1t + a 2 e −b2t + a 3 e −b3t , where {a i , b i } are fit parameters, to describe the correlation functions is shown in Fig. 2 . The effective masses of the ground state, and first excited state energy levels extracted in the A 1u irrep for ensemble E 1 are shown with best-fit curves overlaid. We find that both single-and two-exponential fit forms are insufficient to describe these correlation functions. 
Lattice Energy Eigenvalues and Predicted Spectrum

List of operators used
Here we collect all of the operators that were used to extract the finite volume spectrum. The operators were constructed as described in the main text using equation 2. Note that the overall normalization of the individual operators is arbitrary. 
